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MODULI OF OPEN STABLE MAPS TO A HOMOGENEOUS
SPACE
AMITAI NETSER ZERNIK
Abstract. For L ↪ X a Lagrangian embedding associated with a real ho-
mogeneous variety, we construct the moduli space of stable holomorphic discs
mapping to (X,L) as an orbifold with corners equipped with a group action.
Some essential constructions involving orbifolds with corners are also discussed,
including the existence of fibered products and pushforward and pullback of
differential forms with values in a local system.
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1. Introduction
Let (X,ω) be a closed symplectic manifold and L ⊂X be a Lagrangian subman-
ifold. We are interested in invariants derived from stable maps of discs to X , whose
boundary is required to lie on L. The first step in producing such invariants is to
construct something akin to a singular chain from the moduli spaces of such maps,
and requires introducing perturbations that make the Cauchy-Riemann operator
regular. Proving the existence of the desired perturbation data and keeping track
of the choices involved is a highly non-trivial task, which has been tackled using
Hebrew University, amitai.zernik@mail.huji.ac.il .
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different approaches, each with contributions by numerous authors (we will not
attempt to list them here).
In contrast, we will show that if the pair (X,L) is a real homogeneous pair, no
perturbations are necessary, and the moduli space of stable disc-mapsM0,k,l (X,L,β)
can be obtained from the moduli space of closed maps M0,n (X,A) through a se-
quence of simple geometric constructions.
This is an open analog of a result, due to Fulton and Pandharipande [3], that the
moduli space of stable maps to a convex non-singular projective variety, such as an
algebraic homogeneous space, is a smooth Deligne-Mumford stack whose associated
coarse moduli space is projective. The starting point for our construction is the
corresponding analytical statement, due to Robbin, Ruan and Salamon [13, Remark
3.13]: if a Kähler manifold X is endowed with a transitive action of a compact Lie
group, then the moduli space M0,n (X,A) is a compact, complex orbifold (without
boundary).
We turn to a precise statement of our main result.
Definition 1. A real homogeneous variety is a tuple
(X,ω,J,GX , α, cG, cX)
where:
● X is a compact Kähler manifold, with symplectic form ω and an ω-compatible
integrable complex structure J ,
● GX is a compact lie group,
● α ∶ GX ×X → X defines a transitive action of GX on X which preserves ω
and J , and
● cG ∶ GX → GX and cX ∶ X → X are a pair of involutions such that cG is
a group homomorphism, cX is anti-symplectic and anti-holomorphic, and
cX α (g, x) = α (cG g, cX x).
A real homogeneous pair (X,L =XZ/2) is a pair where X is a real homogeneous
variety and L =XZ/2 denotes the submanifold of real, or cX -fixed, points of L.
If (X,L) is a real homogeneous pair,
iL ∶ L↪X
is a Lagrangian embedding and the action of the cG-invariant subgroup G = G
Z/2
X
on X preserves L. It is not hard to check that the induced map g ∶= T0G→ TxL is
surjective for every x ∈ L.
If k, l are non-negative integers, we write
Gk,l = G × Sym (k) × Sym (l)
for the product of G with the symmetric groups on k and on l elements. Section 2
is devoted to proving the following theorem.
Theorem 2. Let (X,L) be a real homogeneous pair. Let k, l be non-negative inte-
gers and β ∈H2 (X,L). Suppose β ≠ 0 or k + 2l ≥ 3. Then the moduli space
M0,k,l (β) =M0,k,l (X,L,β)
parameterizing families of stable holomorphic disc-maps of degree β with k boundary
marked points and l interior marked points, is a compact Gk,l-orbifold with corners,
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admitting a Gk,l-equivariant map
M0,k,l (β)
f
Ð→M0,k+2l (β + β) .
There’s a unique Gk,l-equivariant map
M0,k,l (β)
evÐ→ Lk ×X l
such that
evc ○f = (ikL × ((id
l
X ×c
l
X) ○∆Xl)) ○ ev
.
Here
M0,k+2l (β + β) =M0,k+2l (X,β + β)
denotes the moduli space of stable genus zero maps of class β + β (see (3)) with
k+2l marked points, and evc ∶ M0,k+2l (β + β)→Xk+2l is the associated evaluation
map. The precise meaning of “a compact Gk,l-orbifold with corners” and “a Gk,l-
equivariant map” is discussed in Section 3.
Example 3. For every positive integer n, (X,L) = (CPn,RPn) is a real homo-
geneous pair with GX = U (n + 1) the group of (n + 1) × (n + 1) unitary matrices,
acting by the restriction of the standard GLn+1 (C) group action on CPn, and with
cG and cX given by [cG (A)]i,j ∶= Ai,j
and
cX ([z0 ∶ ⋯ ∶ zn]) ∶= [z0 ∶ ⋯ ∶ zn] .
By Theorem 2 the moduli spaces M0,k,l (CPn,RPn, β) are compact orbifolds with
corners.
Doing away with perturbations has several technical advantages. For instance,
one can given an elementary construction of the Fukaya A∞ algebra of L ⊂ X
using pullback and pushforward of differential forms, see Solomon and Tukachinsky
[15]. Moreover, the G-equivariant extension of various constructions is considerably
simpler than if perturbations have to be taken into account, see [19].
The close relationship between the moduli spaces of discs and the moduli space
of curves is also quite useful - see for example the computation of the torus fixed
points and their tubular neighborhoods in [17].
We can summarize the construction ofM0,k,l (β) by the following G-equivariant
diagram
(1) M0,k,l (β) s↪M∶∶ oÐ→ M̃ BÐ→M0,k+2l (β + β)Z/2 iÐ→M0,k+2l (β + β) .
The moduli space M0,k+2l (β + β) of closed maps is a complex orbifold of the ex-
pected dimension, since the associated Cauchy-Riemann operator is regular at every
point. We denote by M0,k+2l (β + β)Z/2 the stacky fixed-points of this space, with
respect to an anti-holomorphic involution which conjugates the map and swaps
some of the markings. One should think of M0,k+2l (β + β)Z/2 as parametrizing
the double of the disc-map; points of M0,k+2l (β + β)Z/2 are represented by a sta-
ble map (Σ uÐ→ X, ...) together with an anti-holomorphic involution of the domain
b ∶ Σ → Σ, that swaps some of the marked points and fixes others (see Lemma 4).
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Following Liu [8, §2.3] we call the data ((Σ uÐ→X, ...) , b) a symmetric configuration.
To halve the double and recover the disc map we’re interested in, we must choose a
fundamental domain Σ1/2 ⊂ Σ for the involution b, whose boundary1 is the b-fixed
points of Σ:
Σ1/2 ∩ b (Σ1/2) = Σb,
see Definition 10. Indeed, the space M∶∶ will parameterize all possible fundamental
configurations ((Σ uÐ→X, ...) , b,Σ1/2), and the mapM∶∶ B○oÐÐ→M0,k+2l (β + β)Z/2 will
be the forgetful map
((Σ uÐ→X, ...) , b,Σ1/2)↦ ((Σ uÐ→X, ...) , b) .
To construct M∶∶, we must first cut up M0,k+2l (β + β)Z/2 along the locus of config-
urations with real, or b-invariant, nodes. We call this process a hyperplane blowup
(see §3.3). It produces the map
M̃
BÐ→M0,k+2l (β + β)Z/2 .
The choice of fundamental domain then corresponds to choosing an element of the
map
M∶∶
oÐ→ M̃,
which is a 2-sheeted cover of its image.
There are two ways to see why we need to introduce the hyperplane blowup B.
First, note that sometimes Σb = ∅, as in the following example adapted from Liu,
[8, Example 3.6]. For −1 ≤ ǫ ≤ 1 the maps
Σ = {[x ∶ y ∶ z] ∈ CP2∣x2 + y2 + ǫz2 = 0}→X = CP1
[x ∶ y ∶ z]↦ [x ∶ y]
with the standard conjugation action on the domain and range, define a path
γ ∶ [−1,1]→M0,0,0 (CP1,2)Z/2 .
For ǫ > 0 we have Σb = ∅, which are configurations we’d like to discard since
they’re not the double of any disc map. For ǫ < 0 we have a valid configuration,
obtained as the double of a degree two map (D2, ∂D2) → (CP1,RP1). At ǫ = 0
the boundary of the disc map degenerates to a real node of type E (see Definition
6, and [8, Definition 3.4]). We find that γ∣[−1,0] admits a (non-unique) lift to a
path in M0,0,0 (CP1,RP1, (1,1)), where the boundary of the disc-map shrinks to[0 ∶ 0 ∶ 1] ∈ L. In other words, the first reason to blow up is so we can discard
unwanted symmetric topologies (see [8, §2.3]) - such configurations cannot be in
the image of the map M∶∶
B○oÐÐ→M0,k+2l (β + β)Z/2.
We turn to the second reason to introduce the hyperplane blowup B. Consider
some configurations with some number r ≥ 1 of type H nodes, so Σb/ν consists of
r + 1 circles glued at r pairs of points, and the number of possible fundamental
domains (i.e., the size of the fiber of the map B ○ o) is 2r+1. This also suggests
we should cut up the moduli space. Indeed, the map B is locally modeled on the
gluing of orthants: 2r ×Rn−r × [0,∞)r → Rn. Picking one of the 2r inverse images
of 0 ∈ Rn amounts to picking a smoothing direction for the r nodes, and there are
1More precisely, we have ∂Σ1/2 = Σb only at configurations which do not have an E-type node.
Such a node represents the degeneration of ∂Σ to a single point, see more about this below.
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precisely two fundamental domains compatible with every such choice of smoothing
directions.
With M̃ in place, the map M∶∶
oÐ→ M̃ is the composition of a 2-sheeted cover
(forgetting the choice of fundamental domain Σ1/2 ⊂ Σ) with the inclusion of a
clopen component (omitting configurations with Σb = ∅).
Finally, we restrict to a clopen component M0,k,l (β) s↪M∶∶, corresponding to
those fundamental domains Σ1/2 such that (i) u∗ ([Σ1/2,Σb]) = β and (ii) Σ1/2
contains a specific subset of the k + 2l marked points. Put another way, once we
restrict to the clopen component
M∶∶β ↪M
∶∶
of those fundamental domains such that (i) holds, we need to take the quotient
M∶∶β →M0,k,l (β)
by the free (Z/2)×l group action where the i’th Z/2 factor acts by swapping the
labels of the k + i and k + l + i markings (these two markings should be indistin-
guishable, representing the same interior marked point). Instead, we take a section
of this quotient
M0,k,l (β) ↪M∶∶β
by restricting further the clopen component to include only those configurations
where the fundamental domain contains a particular representative of each pair{k + i, k + l + i}.
Section 3 contains essential constructions and results related to orbifolds with
corners. This section is written with a view towards subsequent applications, and
thus covers significantly more than is strictly necessary for the proof of Theorem 2.
Most notably, we discuss
● the existence of fibered products in the category of orbifolds with corners,
relying on the work of Joyce [4] on manifolds with corners.
● Differential forms, local systems, pushforward and pullback operations.
● The notion of a hyperplane blowup.
● Group actions on orbifolds with corners.
Acknowledgments. I am deeply grateful to my teacher, Jake Solomon. For one,
it was his suggestion to construct the moduli space of stable disc maps starting
from the moduli space of closed maps. I was partially supported by ERC starting
grant 337560, ISF Grant 1747/13 and NSF grant DMS-1128155.
2. Proof of Theorem 2
2.1. The groupoid of disc-map configurations. We begin by reviewing the
notion of a stable disc-map and isomorphisms of such maps. In Liu [8, §5.1], the
general notion of a stable map from a Riemann surfaces with boundary to an
arbitrary pair (X,L), is given. In general, the moduli spaces of such maps admit
only a Kuranishi structure with corners, see [8, Theorem 1.2]. In contrast, we will
see that the moduli spaces of disc maps to a real homogeneous pair can be given
the structure of an orbifold with corners.
Let (X,L) be a real homogeneous pair as in Definition 1. A tuple (k, l, β), where
k and l are non-negative integers and β ∈ H2 (X,L), is called a moduli specification
if either β ≠ 0 or k + 2l ≥ 3. Fix some moduli specification b = (k, l, β). Consider
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the groupoid Db of (k, l, β)-disc-map configurations, whose objects consist of tuples(Σ, κ, λ, ν, u), where
● Σ is a possibly disconnected compact Riemann surface with boundary and
ν ∶ (Σ, ∂Σ) → (Σ, ∂Σ) is an involution with finitely many orbits of size 2.
The configuration is connected and has genus zero. That is to say, each
connected component of C ⊂ Σ is diffeomorphic to D2 or to CP1, and the
graph (π0 (Σ) , ν) is in fact a tree.
Here
(2) (π0 (Σ) , ν)
is the incidence graph, whose vertices are the connected components of Σ, and
where each orbit of size two o of ν determines an edge, incident to the connected
components o intersects. We denote by Σ˚ν and ∂Σν the fixed points of ν in the
interior and boundary of Σ, respectively. These define the smooth points of the
orbit space Σ/ν. The orbits of size two are called nodes.
● κ ∶ [k]↪ ∂Σν and λ ∶ [l]↪ Σ˚ν are injective maps.
Note that we do not assume the points Imκ appear in any particular order around
∂Σ.
● u ∶ (Σ, ∂Σ)→ (X,L) is a ν-invariant holomorphic map with u∗ [Σ, ∂Σ] = β ∈ H2 (X,L).
● For each connected component C ⊂ Σ, we have u∗ [C,∂C] ≠ 0 or
(∣κ−1 (∂C)∣ + ∣∂C/Σν ∣) + 2 (∣λ−1 (C)∣ + ∣C˚/Σν ∣) ≥ 3.
There’s an arrow in Db connecting two objects (Σ, κ, λ, ν, u) and (Σ′, κ′, λ′, ν′, u′)
for every biholomorphism φ ∶ Σ → Σ′ preserving all of the additional structure. The
product Gb = G×Sym (k)×Sym (l) of the compact lie groupG with the permutation
groups acts on Db by translating maps and relabeling markings.
We will show that the groupoid Db is equivalent to a Gb-orbifold with corners
M0,k,l (β). The construction proceeds from right to left, along the diagram (1).
2.2. Complex moduli of closed maps. Let n be a non-negative integer and
A ∈ H2 (X). Following [13] we consider (n,A)-rational configurations. An (n,A)-
rational configuration is a tuple (Σ, ν, λ, u) where Σ is a disjoint union of CP1’s,
ν is an involution with finitely many orbits of size two, and the incidence graph(π0 (Σ) , ν) is required to be a tree. λ is an injective map [n] → Σν , and u ∶
Σ → X is a ν-invariant holomorphic map with u∗ [Σ] = A ∈ H2 (X). Finally, for
every connected component C ⊂ Σ if u∗ [C] = 0 then ∣(C/Σν)∐λ−1 (C)∣ ≥ 3. The
collection of configurations are the objects of a groupoid, in which there’s an arrow(Σ, ν, λ, u) → (Σ′, ν′, λ′, u′) for every biholomorphism φ ∶ Σ → Σ′ respecting all of
the structure.
By [13, Remark 3.13] if X is a real homogeneous variety then for any A ∈ H2 (X)
the moduli space of stable holomorphic maps M0,n (A) is a compact complex orb-
ifold.
The compact group G+X = GX × Sym (n) acts on M0,n (A) by translating maps
and relabeling markings. This action can be constructed by direct analogy with
the construction of the Z/2-action given in §2.4 below.
In (1), we’ve set n = k + 2l, and taken A = β + β ∈ H2 (X), which is defined as
follows. There’s a map
(3) H2 (X,L) ∋ β ↦ β + β ∈H2 (X) ,
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which takes a singular chain σ ∈ C2 (X) with ∂σ ∈ C1 (L) ⊂ C1 (X) representing
β ∈ H2 (X,L) to the homology class represented by the cycle σ + (cX)∗ σ (recall
cX ∶ X →X is an antiholomorphic involution which fixes L).
2.3. Orbifolds as Stacks. We briefly review how one can think about orbifolds
in terms of stacks, following Metzler [10] and Pronk [12]. See also Lerman [7] for a
very pleasant explanation of this approach. A smooth stack C is a category together
with a functor C piÐ→Man to the category of smooth manifolds, such that (i) C is
a category fibered in groupoids over Man and (ii) a certain descent condition is
satisfied. Given an orbifold without boundaryM (which we take to mean an object
of the bicategory of fractionsOrb∂≠∅ given by a groupoid inMan; see Remark 24),
we obtain a stack by taking C to be the category whose objects are 1-cells T →M
where T is a manifold (without boundary) and morphisms between T1
f1Ð→M to
T2
f2Ð→M are smooth maps T1 gÐ→ T2 together with a 2-cell f1⇒ f2 ○ g. The functor
π sends T →M to T .
The category of smooth maps M Ð→M is equivalent to the full subcategory of
the category of functors C → C, consisting of those functors that commute with
π. In particular, a 2-cell α ∶ c2 ⇒ id is given simply by a natural transformation
between functors C → C.
This perspective is especially useful for thinking about M0,n (A). The category
of holomorphic maps T →M0,n (A) is equivalent to the category of stable families
of maps over T , i.e. stable families of maps of type (0, n,A) in the sense of [13,
3.1], which are of the form
(π ∶Q → T,S1, ..., Sn ∶ T → Q,H ∶ Q→X) .
We recall that this means: (i) π,S∗,H are holomorphic maps, (ii) π is only allowed
certain nodal singularities, (iii) for each t ∈ T the fiber π−1 (t) is a nodal Riemann
surface of genus zero, and H ∣pi−1(t) represents A, (iv) S1, ..., Sn are sections of π,
and (v) (π−1 (t) , S1 (t) , ..., Sn (t) ,H ∣pi−1(t)) is a stable map. An arrow
(π ∶Q → T,S∗ ∶ T →Q,H ∶Q →X)→ (π′ ∶ Q′ → T,S′∗ ∶ T → Q′,H ′ ∶ Q′ →X)
is a holomorphic morphism Q → Q′ which preserves the additional data (cf. [13,
§3.1]).
This allows us to define the 1-cellsM0,n (A) →M0,n (A) and the 2-cells between
them simply by describing functorial manipulations of stable families of maps. We
can extend the discussion to include anti-holomorphic maps (an anti-holomorphic
map T →M0,n (A) is just a holomorphic map T →M0,n (A), arrows between such
maps are still given by holomorphic morphisms of families Q→ Q′ as above), so we
can also consider M0,n (A) as a stack over the category of complex manifolds with
both holomorphic and antiholomorphic maps.
2.4. A Z/2-action on M =M0,n (β + β). Consider M =M0,n (β + β) as a com-
plex stack. There’s an antiholomorphic map
(4) cM ∶M0,n (β + β)→M0,n (β + β)
which sends a point p represented by the (n,β + β)-rational configuration (Σ, ν, λ, u)
to a point represented by
(Σ, ν, λ, u) ∶= (Σ, cΣ ○ ν ○ c−1Σ , cΣ ○ λ ○ c−1n , cX ○ u ○ c−1Σ ) ,
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with cΣ ∶ Σ → Σ the map which replaces the almost complex structure j on Σ by
−j, and cn ∶ [n]→ [n] the involution
(5) ( 1 ⋯ k k + 1 ⋯ k + l k + l + 1 ⋯ k + 2l
1 ⋯ k k + l + 1 ⋯ k + 2l k + 1 ⋯ k + l ) .
To construct (4) as a map of stacks, start from any family of maps
(πB ∶ Q→ B,S1, ..., Sn ∶ B → Q,HB ∶ Q→X)
and map it to the conjugate family of maps
(6) (Q piBÐÐ→ B, (Scn(i) ∶ B →Q)ni=1 , cX ○HB) .
This is functorial and thus defines the desired map of stacks c = cM ∶ M → M.
There’s a 2-cell
(7) α ∶ c2⇒ id
which is given by the obvious arrow Q→ Q, considered as a natural transformation
between functors-of-families. It satisfies a coherence condition, which is an equality
of two 2-cells c3 ⇒ c. Thus, (4) and (7) define a Z/2-action on M.
In fact, we will need a bit more than this, namely that the G+X action extends
to a G++X = G
+
X ⋊ Z/2 action on M, where the semidirect product is defined using
the homomorphism Z/2→ Aut (G+X) in which the generator acts by
(8) G+X = GX × Sym (n) ∋ (φ,σ) ↦ (cG (φ) , cn ○ σ ○ c−1n ) .
It is straightforward to construct the data of this group action in terms of functors
and natural transformations of families, as above. We will focus our attention on
the Z/2 action to keep the notation palatable.
2.5. The Z/2-fixed points of M. Let MZ/2 =M0,n (β + β)Z/2 denote the Z/2 <
G++X -stacky fixed points of M, and let G+ denote the group of elements of G+X that
are fixed under (8):
(9) G+ = (G+X)Z/2 = G × Sym (k) × Sym (l) × (Z/2)l .
Lemma 4. (a) MZ/2 is a G+-orbifold (without boundary) with
dimRMZ/2 = 1
2
dimRM
and the map MZ/2 iÐ→M is a proper closed immersion2. In particular, MZ/2 is
compact.
(b) As a groupoid MZ/2 is equivalent to the groupoid whose points are represented
by pairs ((Σ, ν, λ, u) , b), where (Σ, ν, λ, u) is a rational (n,β + β)-configuration and
b ∶ (Σ, ν, λ, u) → (Σ, ν, λ, u) is an arrow in M such that b ○ b is the identity map,
considered as a biholomorphism (Σ, ν, λ, u) → (Σ, ν, λ, u).
2See Definition 25. We warn the reader that this is not the usual meaning in algebraic geometry;
rather it is a generalization of the notion of closed immersion of manifolds without boundary in
differential geometry. In particular, i will not be injective in general.
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Proof. We prove part (a). Note that M is in fact represented by a proper étale
groupoid M1 ⇉ M0 where Mi are complex manifolds and the structure maps
s, t, e, i,m are local biholomorphisms. This implies we can considerM as a holomor-
phic stack, or stack over the category of complex manifolds with holomorphic maps
(cf. [10, Definition 28]). As a map between holomorphic stacks, M = M0
aÐ→ M
is a holomorphic atlas. That is, a map whose domain is equivalent to a complex
manifold, and such that the weak fibered product W = T ×M M0 with any other
map of holomorphic stacks from a complex manifold T →M is a complex manifold,
and the pullback map W → T is a surjective local biholomorphism.
We will now use a trick to construct a manifold P ′ with dimP ′ = 1
2
dimM and
an étale covering P ′
a′Ð→MZ/2 for MZ/2, in the sense of [10, Proposition 75]. Since
the diagonalMZ/2 →MZ/2 ×MZ/2 is proper, this will imply that the conditions of
[10, Proposition 75] are met and MZ/2 is a smooth orbifold as claimed.
To construct P ′, let M be the complex conjugate of M , so that c ○ a ∶M →M
is a also a holomorphic atlas for M. Let P be the complex manifold representing
the 2-fiber product
P =M ×a c○aM.
The map P →M →M is also a holomorphic atlas. A holomorphic map S → P , or
S-point, is given by
(10) (S xÐ→M,S yÐ→M,a ○ x bÔ⇒ c ○ a ○ y)
Here
b
Ô⇒ is a morphism of the category M, between the objects a ○ x and c ○ a ○ y.
We define a strict antiholomorphic involution on P by specifying its action on the
S-points for all S. Namely the involution sends (10) to
(S yÐ→M,S xÐ→M,a ○ y c(b)−1α−1ÔÔÔÔ⇒ c ○ a ○ x) .
This is an involution since
c (αy) c2 (b)α−1x = αc(y)c2 (b)α−1x = bαxα−1x = b.
The first equality is the coherence condition, and the second is naturality of the
transformation α. Now let P ′ denote the fixed-points of the involution. Using the
slice theorem and linear algebra, the fixed-points of an antiholomorphic involution
form a real submanifold P ′ ⊂ P with dimP ′ = 1
2
dimP . It is easy to see that
the S-points of P ′ are pairs, consisting of a map S
xÐ→ M together with an arrow
a ○ x
bÐ→ c ○ a ○ x, such that
(11) b = c (b)−1 α−1
(we do not care about complex structures from this point inwards, so we write a
and not a, etc.). Eq (11) is the defining relation for a Z/2-fixed point, cf. [14,
Proposition 2.5]. In other words, we have a map of smooth stacks P ′
a′Ð→MZ/2. To
prove this is an étale covering, it suffices to show that a′ is the pullback of the étale
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covering a. More precisely, we claim that the square
P ′
a′

i′ //M
a
MZ/2
i
//M
is 2-cartesian, where i′ is the composition P ′ → P = M ×M M → M . Indeed, an
S-point of MZ/2 ×i aM is represented by (π, r, g) where S piÐ→MZ/2 is an S-fixed-
point, S
g
Ð→M is an S-point of M , and ag
r
Ô⇒ i π is an arrow of M. Let f ∶= iπ, so
π is represented by some arrow f
bÐ→ c ○ f in M satisfying (11). Now it is easy to
check that
ag
c(r)−1○b○r
ÐÐÐÐÐÐ→ c (ag)
satisfies (11). Since this works for any S, we’ve constructed an arrow
MZ/2 ×i aM → P ′.
It is now straightforward to construct the reverse arrow P ′ → MZ/2 ×i a M and
show these form an equivalence of stacks.
The map P ′ →M , hence the map i, is seen to be a closed immersion. Since the
fiber of i is finite, it is proper, and so MZ/2 is compact. Since M was equipped
with a G++X action, MZ/2 is equipped with a residual G+-action (see [14, Remark
2.4]).
Part (b) is straightforward. 
Definition 5. We call ((Σ, ν, λ, u) , b) as in part (b) of Lemma 4 a symmetric
configuration.
Note a fixed configuration ((Σ, ν, λ, u) , b) defines a “symmetric Riemann surface
with (l, k) marked points” in the sense of [8, §2.2.2].
2.6. The blowup M̃ ofMZ/2. The next step is to blow up a hyper subset inMZ/2
(the motivation for this was discussed in the introduction). Let ((Σ, ν, λ, u) , b) be
a Z/2-fixed configuration. Let o = {o1, o2} be a node of the configuration, that is,
an orbit of ν of size 2. We say o is a real node if b (o) = o.
Definition 6. A real node o = {o1, o2}, b (o) = o, is of one of two types (cf. [8,
Definition 3.4]):
(1) If b (o1) = o1 we say o is a type H node.
(2) If b (o1) = o2 we say o is a type E node.
Nodes of type H correspond to strip breaking in Floer theory. Nodes of type E
correspond to disc configurations where the boundary has degenerated to a point.
Since we’re considering only genus zero configurations, if o is a type E node it is
the only real node.
In §3.3.2 we construct the hyperplane blowup of an orbifold X =X1 s,t⇉ X0 along
a hyper subset E ⊂X0, s−1E = t−1E. In our case, we take E to be the subset of all
points represented by configurations with a real node.
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We now explain why this is a hyper subset. First, we reformulate some well-
known properties of the divisor of nodal configurations3.
Let B
n,β+β denote set of all 4-tuples (l1,A1, l2,A2) with li ⊂ [n] and Ai ∈ H2 (X),
such that: (i) A1 +A2 = β + β, (ii) l1∐ l2 = [n], and (iii) Ai = 0⇒ ∣li∣ ≥ 3 for i = 1,2.
We denote
(12) Hb = {(l1,A1, l2,A2) ∈ Bn,β+β ∣cn (li) = li and cX∗Ai = Ai for i = 1,2}
(13) Eb = {(l1,A1, l2,A2) ∈ Bn,β+β ∣cn (li) = l2−i and cX∗Ai = A2−i for i = 1,2} .
Remark 7. Note that Eb = ∅ unless k = 0 and β + β ∈ Im (id+cX∗).
We have maps between orbifolds without boundary
DCHb ∶
⎛
⎝∐Hb M0,l1∐{☆1} (A1) ×X M0,l2∐{☆2} (A2)
⎞
⎠
Z/2
→M0,n (β + β)
and
DCEb ∶
⎛
⎝∐Eb M0,l1∐{☆1} (A1) ×X M0,l2∐{☆2} (A2)
⎞
⎠
Z/2
→M0,n (β + β)
defined by gluing. Henceforth, a subscript such as l1∐{☆1} means we label the
markings by the indicated finite set instead of {1, ..., n}. The fibered products are
over the evaluation maps at ☆1,☆2, which are transverse (cf. [9]). The Z/2 subscript
denotes the stacky quotient by the action which swaps the two factors. The map
DCk,l,β =D
C
Hb ∐DCEb
is a faithful, proper, closed immersion with transversal self-intersection (cf. Defi-
nition 38). Indeed, the essential fiber F = (DCk,l,β)−1 (p) over p = [Σ, κ, λ, ν, u] is
in natural bijection with the subset of nodes {{ai, bi}}ri=1 of ν that partition the
markings [n] and the degree β+β into 4-tuples as in (12) or in (13). For any subset
of nodes the associated map of conormal bundles
r⊕
i=1
(L∨ai ⊗ L∨bi)∨ → T ∨M0,n (β + β)
is injective. Here L∨ai denotes the tangent line to the universal curve at ai.
We make DCHb ,D
C
Eb
, and thus also DCk,l,β , into Z/2-equivariant maps. Z/2 acts
on the domain of DCHb by the product of conjugation maps, where we treat ☆1 and
☆2 as fixed markings (i.e. we identify them with one of the first k markings in (5)).
The Z/2 action on the domain of DCEb swaps the two moduli factors, sending ☆1 to
☆2 and vice-versa. Passing to Z/2 invariants we obtain a hyper map (cf. Definition
38)
(14) Wk,l,β = (∐M0,l1∐☆1 (A1)Z/2 ×LMZ/20,l2∐☆2 (A2))Z/2
Dk,l,βÐÐÐ→M0,n (β + β)Z/2 ,
with ImDk,l,β = E. We let B ∶ M̃ →M = M0,n (β + β)Z/2 denote the hyperplane
blowup of MZ/2 along E. It is a compact G+-orbifold. M̃ is equivalent to the
3In algebraic geometry this is often called the “boundary” divisor. This terminology becomes
especially confusing in our context, so we avoid it.
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groupoid of symmetric configurations together with a choice of one of two possible
smoothing directions for each real node (this choice is equivalent to the choice of
“incident orthant”, see the proof of Proposition 34)
2.7. The forgetful map. Let b = (k, l, β) be a basic moduli specification, let
b+ = (k + 1, l, β), and write n = k + 2l. The forgetful map
πC ∶M0,n+1 (β + β)→M0,n (β + β)
induces a map of fixed points π ∶M0,n+1 (β + β)Z/2 →M0,n (β + β)Z/2. LetMZ/2no E ⊂
M0,n (β + β)Z/2 denote the open suborbifold consisting of symmetric configurations
with no nodes of type E, letMZ/2
no E,+ = π
−1 (MZ/2
no E), and let M̃no E ,M̃no E,+denote
the corresponding hyperplane blowups at the loci of configurations with real nodes.
Lemma 8. π lifts to a b-fibration (see Definition 25)
(15) π˜ ∶ M̃no E,+ → M̃no E .
Proof. The claim can be checked locally on the domain. Let σ+ = ((Σ+, ν+, λ+, u+) , b+)
and σ = ((Σ, ν, λ, u) , b) be symmetric configurations so that π maps
p = [σ+] ∈M0,n+1 (β + β)Z/2
to
q = [σ] ∈M0,n (β + β)Z/2 .
This means σ is obtained from σ+ by erasing the marked point λ+ (k + 1) and con-
tracting the incident component C ⊂ Σ+ if it becomes unstable. Let x1, ..., xN+1
be local coordinates for M0,n+1 (β + β)Z/2 centered around p and y1, ..., yN be lo-
cal coordinates for M0,n (β + β)Z/2 centered around q. There are three cases to
consider.
(1) No component is contracted. In this case we can choose the coordinates so
that the germ πp is given by
(y1, ..., yN ) = (x2, ..., xN ) ,
with x2, ..., xr+1 and y1, ..., yr the smoothing parameters for the real nodes
of p and of q, respectively. Clearly this map lifts to the hyperplane blowup
and is a b-fibration.
(2) The component C is contracted to a node of type H in σ. In this case, we
can choose the coordinates so πp is given by
(16) (y1, ..., yN ) = (x1 ⋅ x2, x3, ..., xN ) ,
with x1, x2 the smoothing parameters of the two nodes of σ+ incident to
C, y1 the image H-node, and x3, ..., xr+1 are smoothing parameters for the
other nodes of σ+, with y2, ..., yr smoothing parameters for the correspond-
ing nodes of σ. Again, this map lifts to the hyperplane blowup. It is a
b-fibration (cf. [4, Example 4.4(ii)])
(3) The component C is contracted to a node of type E in σ. In this case, we
can choose the coordinates so πp is given by
(y1, ..., yN) = (x21 + x22, x3, ..., xN) .
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Here x1 + ix2, x1 − ix2 are the smoothing parameters for the complex-
conjugate nodes incident to C. y1 is a smoothing parameter for the E-
node. σ,σ+ have no other real nodes in this case. The map R
2 → [0,∞),(x1, x2)↦ (x21 + x22) is not smooth (as a map of manifolds with corners it is
only weakly smooth; cf. [4, Example 2.3(i)] for a closely related example).
This is why we discard such configurations from the codomain.

Remark 9. In studying the open Gromov-Witten theory of (CP2m,RP2m) E-nodes
are excluded since the moduli spaces M0,k,l (β) there either have k > 0 or else
β ∈ H2 (X,L) = Z is odd, which implies β + β /∈ Im (1 + cX∗). Either way there
are no E-type nodes by Remark 7. In other applications, one may be content to
consider the forgetful map as a weakly smooth map only, though this requires a
revision of the category of orbifolds with corners as defined in Section 3, which we
will not pursue here. Finally, an S1-blowup may be used to resolve the problem:
the map [0,∞) × S1 → [0,∞)
(r, θ) ↦ (r cos θ, r sin θ) ↦ r2
is a (smooth) b-fibration.
2.8. Picking a fundamental domain and the map M∶∶ oÐ→ M̃. If X is an
orbifold with corners, we denote by X ○ the interior, or depth zero, points of X . By
construction, M̃○ is an open suborbifold of MZ/2, and its points are represented
by symmetric configurations σ = ((Σ, ...) , b) with no additional data.
Let M̃≠∅ ⊂ M̃ denote the clopen component which is the closure of those pointsM̃○ represented by a symmetric configuration ((Σ, ν, λ, u) , b) with Σb ≠ ∅. In fact,
since there are no real nodes, we conclude that for q ∈ M̃○≠∅ ⊂MZ/2 we must have
π˜−1 (q) = Σb ≃ S1,
which is orientable. Let L denote the extension to the boundary (cf. Lemma 30
(a)) of the fiber orientation local system
(17) [π˜∗ (Or(TM̃+))⊗Or (TM̃)∨] ∣M̃○
≠∅
.
The unit sections of L form a 2-sheeted cover M∶∶ Ð→ M̃≠∅, and we define o to be
the composition
M∶∶ → M̃≠∅ ↪ M̃.
We now describe M∶∶ and B ○ o in terms of fundamental domains.
Definition 10. (a) Let σ = ((Σ, ν, λ, u) , b) be a symmetric configuration. A fun-
damental domain Σ1/2 for σ is a subset Σ1/2 ⊂ Σ biholomorphic to a disjoint union
of CP1’s and D2’s such that:
(i) Σ = Σ1/2 ∪ b (Σ1/2)
(ii) Σ1/2 ∩ b (Σ1/2) = Σb
(iii) ν∣Σ/Σb (Σ1/2) ⊂ Σ1/2 (in other words, Σ1/2 either contains both sides of each
non-real node, or none of them).
(b) a fundamental configuration consists of ((Σ, ν, λ, u) , b,Σ1/2) where σ = ((Σ, ν, λ, u) , b)
is a symmetric configuration and Σ1/2 is a fundamental domain for σ.
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(c) For i = 1,2 let φi = ((Σi, νi, λi, ui) , bi,Σ1/2i ) be fundamental configurations.
A morphism of fundamental configurations φ1 → φ2 is a biholomorphism Σ1 → Σ2
that respects all of the additional data.
Lemma 11. M∶∶ is equivalent to the groupoid of fundamental configurations. The
map B ○ o corresponds to the map
((Σ, ν, λ, u) , b,Σ1/2)↦ ((Σ, ν, λ, u) , b) .
Proof. Consider first an interior point M̃○≠∅ represented by a symmetric configura-
tion σ = ((Σ, ν, λ, u) , b). It is clear that there are two fundamental domains for σ
in this case, and they induce opposite orientations on ∂Σ = Σb ≃ S1 by the outward
normal orientation convention. Clearly, B ○ o is the map that forgets the chosen
orientation and corresponding fundamental domain.
Heuristically, we want to extend this correspondence continuously to the bound-
ary. To achieve this, we consider how the fundamental domain changes in continu-
ous families. Recall we constructed a holomorphic atlas
P →M =M0,n (β + β) , P =M ×c c○aM,
equipped with an antiholomorphic involution P → P whose fixed points form an
atlas P Z/2 →MZ/2. The pullback P̃ → M̃≠∅ along M̃≠∅ →MZ/2 is an atlas forM̃≠∅ (P̃ can also be obtained by taking a clopen component of a hyperplane blowup
of P Z/2).
Consider a stable family of maps (Q→ P,S⋆,H) associated with P → M (cf.
§2.3). Let Q̃→ P̃ denote the topological pullback along P̃ → P . There’s an involu-
tion Q̃ → Q̃ over idP̃ . The fiber over each p ∈ P̃ is a nodal Riemann surface with
an antiholomorphic involution, whose normalization is a symmetric configuration
representing the image of p in MZ/2. We abuse notation and treat the local systemL as defined over P̃ , by pulling it back. By definition (cf. Lemma 30) there’s a
sufficiently small open neighborhood p ∈ U ⊂ P̃ such that the stalk Lp is in bijection
with relative orientations for the circle bundle Q̃b̃∣U○ → U ○. Fix a germ g ∈ Lp.
As we discussed in the first paragraph, the corresponding relative orientation de-
termines a family of nodal fundamental domains Q1/2 → U ○. That is, Q1/2 is the
closure of connected component of Q̃∣U○/Q̃b̃∣U○ such that the normalization Qˆ1/2q
of the fiber Q
1/2
q over every point q ∈ U ○ is the fundamental domain associated
with the specified orientation of Q̃b̃∣q. We define the fundamental domain at p ∈ P̃
corresponding to g to be the normalization of
Q1/2 ∩Qp,
where the closure is taken in Q̃. We need to check that this is indeed a fundamental
domain for a symmetric configuration σ = ((Σ, ν, λ, u) , b) representing B (p). Let
us assume σ has a single node which is a real node of type H, the other cases are
similar. In this case the blowup over B (p) is modeled on the gluing of half-planes{+,−}×[0,∞)×RN−1 → RN . The choice of p ∈ {+,−}×{0} determines the direction
the parameter y1 approaches zero, where y1 = x1 ⋅x2 is the real smoothing parameter
as in (16). It is easy to see that a consistent orientation for the hyperbolas for values
of y1 approaching zero, determines a pair of orientations for the branches x1 = 0 and
x2 = 0 over y1 = 0, and that the family of fundamental domains converges to a pair
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of connected components of Σ/Σb near the real node that specify a fundamental
domain for σ inducing the given orientations on the boundary 
2.9. Admissible disc-configurations and M0,k,l (β) s↪M∶∶. Note that up until
now, the construction only “knew” about β + β ∈ H2 (X). In general we may have
β + β = β′ + β′ with β ≠ β′. For an example of this, take β = (1,0) ∈ H2 (CP1,RP1)
and β′ = β = (0,1).
Thus, we first restrict to a clopen component
M∶∶β ⊂M∶∶
of points represented by fundamental configurations ((Σ, ν, λ, u) , b,Σ1/2) with
u∗ [Σ1/2, ∂Σ1/2] = β.
Next, for each 1 ≤ i ≤ l, we want to identify the markings k+ i and k + l+ i; in other
words, we have M0,k,l (β) = (M∶∶β)(Z/2)×l ,
the stacky quotient by the (Z/2)l ◁ G+ action on M∶∶β. It is naturally a Gk,l =
G+/ (Z/2)l orbifold with corners (see [14, Remark 2.4]), and is clearly equivalent to
the groupoid of (k, l, β)-disc configurations.
In fact, it is not hard to see that the map q admits a smooth Gk,l-equivariant
section Mb s↪ M∶∶b which we take to be the inclusion of the clopen component
corresponding to fundamental configurations where
λ ({k + 1, ..., k + 2l}) ∩Σ1/2 = {k + 1, ..., k + l} .
It is easy to check that there’s a unique Gk,l-equivariant map ev such that
evc ○f = (ikL × (idlX ×clX) ○∆Xl) ○ ev
This completes the proof of Theorem 2.
3. Orbifolds with Corners
In this section we fix our notion of orbifold with corners, and introduce some
related constructions. Some care is required, since fiber products in the category of
manifolds with corners are somewhat elusive. We will define the category of orb-
ifolds with corners as the Pronk 2-localization [12] of the bicategory of proper étale
groupoids in a category of manifolds with corners, obtained by formally inverting
étale equivalences. Our setup of the category of manifolds with corners follows
Joyce’s work [4] closely.
3.1. Manifolds with corners. We refer the reader to [4, §2] for the terminology
we use regarding manifolds with corners. The manifolds we’ll consider have “or-
dinary” corners (as opposed to generalized corners), which are modeled on Rnk ∶=[0,∞)k ×Rn−k.
A weakly smooth map f ∶ U → V between open subsets U ⊂ Rmk and V ⊂ R
n
l is a
continuous map f = (f1, ..., fn) such that all the partial derivatives
∂a1+⋯+am
∂u
a1
1
⋯∂u
am
m
fj ∶ U → R exist and are continuous (including one-sided derivatives where
applicable).
An n-dimensionalmanifold with corners X is a second countable Hausdorff space
equipped with a maximal n-dimensional atlas of charts (U,φ) where U ⊂X is open
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and φ ∶ U → Rnk is a homeomorphism (n is fixed, k may vary), with weakly smooth
transitions. A weakly smooth map f ∶ X → Y between manifolds with corners is a
continuous map which is of this form in every coordinate patch. A weakly smooth
map f ∶ X → Y is said to be smooth, strongly smooth, interior, b-normal, simple,
or a b-fibrations as in [4, Definitions 2.1, 4.3]. “A map” between manifolds with
corners will always be assumed to be smooth unless specifically stated otherwise,
and we denote byManc the category of manifolds with corners with smooth maps.
The depth of a point x = (x1, ..., xn) ∈ Rnk is defined by depth (x) =#{1 ≤ i ≤ k∣xi = 0}.
It is easy to see that the transitions preserve the depth, so we can speak of the depth
of a point x ∈ X . We define Sk (X) = {x ∈X ∣depth (x) = k}. A local k-corner com-
ponent γ of X at x is a local choice of connected component of Sk (X) near x
(cf. [4, Definition 2.7]); a local 1-corner component is also called a local boundary
component.
We have manifolds with corners
∂X = C1 (X) = {(x,β) ∣x ∈X, β is a local boundary component of Xat x}
and, for every k ≥ 0,
Ck (X) = {(x, γ) ∣x ∈ X, γ is a local k-corner component of X at x} .
Letting ∂kX denote the iterated boundary, we note that Ck (X) ≃ ∂kX/Sym (k)
where Sym (k) acts by permuting the local boundary components.
We can consider C (X) =∐k≥0Ck (X) as a local manifold with corners (or “man-
ifold with corners of mixed dimension”, in Joyce’s terms). These form a category
and the various properties of maps can be used to describe maps between local
manifolds with corners. If f ∶ X → Y is a smooth map of manifolds with corners,
there’s an induced interior map
C (f) ∶ C (X)→ C (Y )
We denote by i∂X ∶ ∂X → X the map defined by i
∂
X ((x,β)) = x. Even if X is
connected, ∂X may be disconnected and i∂X may not be injective. Sometimes we
abbreviate i∂ = i∂X .
A strongly smooth map f ∶X → Y between manifolds with corners is a submer-
sion if, whenever x of depth k maps to y = f (x) of depth l, both df ∣x ∶ TxX → TyY
and df ∣x ∶ TxSk (X) → TySl (Y ) are surjective (see [5, Definition 3.2]; beware that
a “smooth map” there is what we call a strongly smooth map, see [4, Remark
2.4,(iii)]). We say a map f ∶ X → Y is perfectly simple if it is simple and maps
points of depth k to points of depth k, and is étale if it is a local diffeomorphism.
If X is a manifold with corners its tangent bundle TX is defined in the obvious
way. In addition, one can consider the b-tangent bundle bTX . It is a vector
bundle on X whose sections can be identified with sections v ∈ C∞ (TX) such that
v∣Sk(X) is tangent to Sk (X) for all k (cf. [4, Definition 2.15]). If f ∶ X → Y is an
interior map of orbifolds with corners, there’s an induced map bdf ∶b TX →b TY .
Two interior maps f ∶ X → Z and g ∶ Y → Z are called b-transverse if for any
x ∈ Sj (X) , y ∈ Sk (Y ) such that f (x) = g (y) = z, the map
bdf ⊕b dg ∶ bTxX ⊕
b TyY →b TzZ
is surjective.
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Remark 12. In case ∂Z = ∅, f, g are b-transverse if and only if for every x ∈
Sj (X) , y ∈ Sk (Y ) with f (x) = g (y) = z the map
df ∣TSk(X) ⊕ dg∣TSl(Y ) ∶ TSk (X)⊕ TSl (Y ) → TzZ
is surjective.
Lemma 13. Let X,Y,Z be manifolds with corners and let f ∶ X → Z and g ∶ Y → Z
be continuous. Consider the topological fiber product
P =X ×f g Y = {(x, y) ∈ X × Y ∣f (x) = g (y)} .
Suppose at least one of the following conditions holds.
(i) f is a b-normal submersion and g is strongly smooth and interior,
(ii) f is étale, g is a smooth map,
(iii) f is a b-submersion, g is perfectly simple, or
(iv) ∂Z = ∅, f, g are b-transverse and smooth.
Then P admits a unique structure of a manifold with corners making it the fiber
product in Manc, and we have
(18) Ci (W ) = ∐
j,k,l≥0;i=j+k−l
Clj (X) ×Cl(Z) Clk (Y )
where Clj (X) = Cj (X) ∩C (f)−1 (Cl (Z)) and Clk (Y ) = Ck (Y ) ∩C (g)−1 (Cl (Z)),
and the fiber product is taken over C (f) ,C (g).
Moreover, if X
f
Ð→ Z (respectively, Y
g
Ð→ Z) is b-normal then so is P
f ′
Ð→ Y (resp.,
P
g′
Ð→X).
Proof. Let Mangc denote the category of manifolds with generalized corners with
smooth maps (cf. [4]). This category containsManc as a full subcategory. In cases
(i), (iii) and (iv) the fiber product exists in Mangc as an embedded submanifold of
X × Y , and (18) holds, by [4, Proposition 4.25, Theorem 4.28]. Since the structure
of an embedded submanifold is unique if it exists [4, Corollary 4.12], it suffices to
check that the fiber product is in fact a manifold with ordinary corners. In cases
(i) and (iv) this follows from [5, Theorem 6.4], and in case (iii) this follows from [6,
Theorem B].
Case (ii) is proven by a simple direct argument.
The last statement follows from [4, Proposition 2.11(c)]: if f is b-normal then
l ≤ j in (18), which implies i ≤ k, so f ′ is b-normal. 
In what follows the discussion diverges from [4] (see more specifically §4.2 there).
More precisely we introduce a stronger notion of a closed immersion, that has the
implicit function theorem built into it. This is the only kind of closed immersion
that we need to consider, and makes the discussion considerably simpler.
Definition 14. A map f ∶ X → Y of manifolds wtih corners is called a closed
immersion if for every p ∈X there exists an open neighborhood p ∈ U ⊂X , an open
neighborhood f (U) ⊂ V ⊂ Y , and a strongly smooth submersion h ∶ V → RN for
some integer N ≥ 0 such that the following square is cartesian
U
f ∣U //

V
h

0 // RN
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(it follows that N = dimY − dimX). Note the fiber product exists by Lemma 13
since h is (vacuously) b-normal, and 0→ RN is strongly smooth and interior.
Remark 15. Any b-submersion to a manifold without boundary is automatically a
strongly smooth submersion, so in Definition 14 it suffices to assume that h is a
b-submersion.
Definition 16. A map f ∶ X → Y of manifolds with corners is called a closed
embedding if it is a closed immersion, has a closed image, and induces a homeo-
morphism on its image.
Definition 17. A map f ∶ X → Y of manifolds with corners is an open embedding
if it is étale and injective.
Lemma 18. If i ∶ X → Y and f ∶ W → Y are smooth maps of manifolds with
corners, with i either a closed or an open embedding, and if f (W ) ⊂ i (X), then
there is a unique smooth map g ∶ W → X with f = i ○ g. If we assume in addition
that f is also a closed or an open embedding, and that f (W ) = i (X), then g is a
diffeomorphism.
Proof. A closed or open embedding is an embedding in the sense of [4], so this is a
special case of Corollary 4.11 ibid.. The last statement is immediate. 
Definition 19. (a) Let f ∶ X → Y be a map of manifolds with corners. We say
f is horizontally submersive if for every x˜ ∈ X the germ fx˜ is isomorphic to the
projection Rnk → R
n′
k′ ,
(x1, ..., xn)↦ (x1, ..., xk′ , xk+1, ..., xk+n′−k′) .
(b) Let f ∶ X → Y be a b-normal map. We call
Chork (X) ∶= (C (f)−1 (C0 (Y )) ∩Ck (X))
the horizontal k-corners of X with respect to f .
Lemma 20. A map f ∶ X → Y is horizontally submersive if and only if it is b-
normal and the induced map Chork (X) C(f)ÐÐÐ→ Y is a submersion for every k; that
is,
TxC
hor
k (X) dC(f)ÐÐÐ→ TyY
is surjective for all x ∈ Chork (X).
Proof. The “only if” part is straightforward. Suppose f is b-normal and C (f) ∣Chor
k
(X)
is a submersion for all k, and let us prove it is horizontally submersive. We have
Chor0 (X) = C0 (X). Fix some x˜ of depth k and suppose y˜ = f (x˜) has depth k′.
Since f is b-normal and the induced map f ∶ C0 (X) → Y is a submersion, we
find that there’s an injective map {1, ..., k′} ιÐ→ {1, ..., k} such that the germ fx˜ is
isomorphic to the map (x1, ..., xn)↦ (y1, ..., yn′)
where for each 1 ≤ j ≤ k′
yj = Yj (x1, ..., xn) ⋅ xι(j)
for some (0,∞)-valued smooth functions Yj defined in a neighborhood of x˜.
We also assumed that fx˜∣{x1=⋯=xk=0} is a submersion. It follows that there’s some
subset of the coordinates (xa1 , ..., xan′ ) such that
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(1) aj = ι (j) for 1 ≤ j ≤ k′,
(2) k + 1 ≤ aj ≤ n for (k′ + 1) ≤ j ≤ n′, and
(3) ( ∂fj
∂xa
j′
)
1≤j,j′≤n′
is invertible.
Let {b1, ..., bn′′} be some enumeration of the complement of {a1, ..., an′} ⊂ {1, ..., n}.
The map (f1, ..., fn′ , xb1 , ..., xbn′′ ) is seen to be a local diffeomorphism, and the
result follows. 
Suppose now X,Y are manifolds with corners, f is horizontally submersive with
oriented fibers, and let ω be a compactly supported differential form on X . In this
case we can define f∗ω by integration along the fiber.
3.2. Orbifolds with corners.
Definition 21. A groupoid (G0,G1, s, t, e, i,m) is a category where every arrow is
invertible. Namely, G0 is a class of points and G1 is a class of arrows. The maps
s, t ∶ G1 → G0 take an arrow to its source and target objects, respectively. The
composition map m ∶ {(f, g) ∈ G1 ×G1∣t (f) = s (g)}→ G1 takes a pair of compos-
able arrows to their composition. The identity map e ∶ G0 → G1 takes an object to
the identity arrow and the inverse map i ∶ G1 → G1 takes an arrow to its inverse.
The equivalence classes of the equivalence relation Im (s × t) ⊂ G0 ×G0 are called
the orbits of the groupoid; the class of all orbits is denoted G0/G1. We will use
different notations for groupoids, depending on how much of the structure we want
to label:
(G0,G1, s, t, e, i,m) = G● = G1 s,t⇉ G0.
Definition 22. A groupoid (X0,X1, s, t, e, i,m) will be called étale if X0,X1 are
objects ofManc, and the maps s, t, e, i,m are all étale (in fact, it suffices to require
that s ∶ X1 → X0 is étale). An étale groupoid will be called proper if the map
s × t ∶ X1 → X0 × X0 is proper. We will mostly be interested in proper étale
groupoids, or PEG’s for short.
Let X● be a PEG. The set of orbits X0/X1, taken with the quotient topology,
forms a locally compact Hausdorff space. X● is called compact if X0/X1 is compact.
Let X●, Y● be two PEG’s. A smooth functor X●
F●Ð→ Y● consists of a pair of
smooth maps F0 ∶ X0 → Y0 and F1 ∶ X1 → Y1 which is a functor between the
underlying categories. If F●,G● ∶ X● → Y● are two functors a smooth transformation
α ∶ F● ⇒ G● is a smooth map X0 → Y1 which is a natural transformation between
the underlying functors. In this way we obtain a bicategory (see [2]) PEG, whose
objects, or 0-cells, are proper étale groupoids, morphisms (or 1-cells) are smooth
functors, and 2-cells are natural transformations. A refinement R● ∶ X● → X ′● is a
smooth functor which is an equivalence of categories and such that R0 (hence also
R1) is an étale map.
Lemma 23. As a subset of the 1-cells of PEG the refinements admit a right
calculus of fractions, in the sense of [12, §2.1].
Proof. We use the notation ibid. BF1, BF2 and BF5 are straightforward. To
establish BF3, use the weak fiber product (the construction of the weak fibered
product in PEG is reviewed in Lemma 26 below). We prove BF4. Suppose f●, g● ∶
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X● → Y● are smooth functors and w● ∶ (Y1 s,t⇉ Y0) → (Y ′1 s
′,t′
⇉ Y ′0) is a refinement,
and α ∶ w● ○ f●⇒ w● ○ g● is a smooth transformation (here we use lowercase letters
to denote functors, to keep close to the notation in [12]). Since the following square
is cartesian
Y1
w1 //
s×t

Y ′1
s′×t′

Y0 × Y0 w0×w0
// Y ′0 × Y
′
0
the maps α ∶ X0 → Y1 and f0 × g0 ∶ X0 → Y0 × Y0 define the desired β ∶ X0 → Y1,
with v = idX● . The second requirement holds since all 2-cells are invertible. For the
final requirement, take u = v′, u′ = id and ǫ = id. 
We define the category Orb of orbifolds (always with corners, unless specifically
mentioned otherwise) to be the 2-localization of PEG by the refinements. We
usually denote orbifolds by calligraphic letters X ,Y,M... They are given by proper
étale groupoids. Maps X → Y are given by fractions F●∣R● with X● R●←Ð X ′● a
refinement and X ′●
F●Ð→ Y● a smooth functor. We refer the reader to [12] for further
details, including the definition of the 2-cells, the composition operations, etc.
Remark 24. We will occasionally consider other categories of orbifolds. First,
there’s the category of orbifolds without boundary Orb∂=∅. This can be real-
ized simply as the 2-full bicategory of Orb spanned by all objects X with ∂X = ∅.
We will also encounter the category OrbC of complex orbifolds. To construct it,
we begin with the bicategory PEGC whose objects are groupoids M1 ⇉M0 where
Mi, i = 0,1, is a complex manifold, the structure maps s, t, e, i,m are local biholo-
morphisms, and s × t is proper. 1-cells and 2-cells in PEGC are given by holomor-
phic functors and holomorphic natural transformations, respectively. To obtain
OrbC we invert holomorphic refinements, that is, equivalences (R0,R1) where R0
is a local biholomorphism. There’s an obvious way to extend OrbC to allow also
anti-holomorphic morphisms, where the category of antiholomorphic morphisms(X =X1 ⇉X0) → Y is, by definition, equal to the category of morphisms X → Y
in OrbC where X =X1 ⇉X0.
There are obvious bifunctors
OrbC →Orb+C →Orb∂=∅ →Orb.
Definition 25. We say f is strongly-smooth, étale, interior, b-normal, submersive,
b-submersive, horizontally submersive, simple or perfectly simple if F0 has the cor-
responding property as a map of manifolds with corners. It is easy to check that
these properties are preserved by 2-cells (and thus are properties of the homotopy
class of f). The map f is called a b-fibration if it is b-normal and b-submersive (cf.
[4, Definition 4.3]).
For i = 1,2 let f i = F i∣Ri ∶ X i → Y be an interior map. We say f1 and f2 are
b-transverse if F 10 , F
2
0 are b-transverse (as maps of manifolds with corners).
An equivalence in Orb is called a diffeomorphism. We say f = F ∣R ∶ X → Y is
full, essentially surjective, or faithful if F is full, essentially surjective, or faithful,
respectively.
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If X = X1 ⇉ X0 is an orbifold with corners, ∂X = ∂X1 ⇉ ∂X0 is naturally an
orbifold with corners and the smooth functor (i∂X1 , i∂X0) induces a map i∂X ∶ ∂X → X .
We denote
i∂
c
X ∶= i
∂
X ○ i
∂
∂X ○ ⋯ ○ i
∂
∂c−1X ∶ ∂
cX → X .
Since the maps s, t, e, i,m are étale, they preserve the depth and we obtain orbifolds
with corners
Ck (X) = Ck (X1)⇉ Ck (X0)
for all k. A local orbifold with corners X =∐Xn (or just an l-orbifold) is a disjoint
union of orbifolds with corners with dimXn = n. It is obvious how to turn this into
a category and extend the definitions of various types of maps to this situation. IfX is an orbifold with corners, we can consider C (X) =∐k≥0 Ck (X) as an l-orbifold.
A smooth map f ∶ X → Y induces an interior map C (f) ∶ C (X) → C (Y).
We turn to a discussion of the weak fibered product in Orb.
Lemma 26. Let
(19) f ∶ X R←Ð X ′ FÐ→ Z and g ∶ Y S←Ð Y ′ GÐ→ Z
be two 1-cells in Orb. Suppose at least one of the following conditions holds.
(i) F is a b-normal submersion and G is strongly smooth and interior,
(ii) F is étale, G is a smooth map,
(iii) F is a b-submersion, G is perfectly simple, or
(iv) ∂Z = ∅, F and G are b-transverse (see Remark 12 for an equivalent condi-
tion) and smooth.
Then
(a) The weak fiber product P = X ×f g Y exists in Orb. In fact, we can take
P = X ′ ×F G Y ′
the weak fiber product in PEG, given by the groupoid P1 ⇉ P0 where
P0 =X ′0 ×F0 s Z1 ×t G0 Y
′
0 ,
P1 =X ′1 ×s○F1 s Z1 ×t○G1 s Y
′
1 .
Here an element of P1 specifies the three solid arrows in the diagram below,
x1
a

F0 (x1)
F1(a)
✤
✤
✤
// G0 (y1)
G1(b)
✤
✤
✤
y1
b

x2 F0 (x2) //❴❴❴ G0 (y2) y2
.
The horizontal dashed arrow is uniquely determined by requiring the square to be
commutative; s, t ∶ P1 → P0 are the projections on the top and bottom rows of the
diagram, respectively, and the other structure maps are computed similarly.
(b) We have
(20) Ci (P) = ∐
j,k,l≥0;i=j+k−l
Clj (X) ×Cl(Z) Clk (Y)
where Clj (X) = Cj (X) ∩C (f)−1 (Cl (Z)) and Clk (Y) = Ck (Y) ∩C (g)−1 (Cl (Z)),
and the weak fiber product is taken over C (f) ,C (g).
(c) If we assume, in addition, that X fÐ→ Z (respectively, Y gÐ→ Z) is b-normal,
then so is P f ′Ð→ Y (resp., P g′Ð→ X ).
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Proof. It is well-known (and easy to verify) that the weak fibered product
P = X ′ ×F G Y ′
in the bicategory of proper étale groupoids in topological spaces is represented by
P1 ⇉ P0 as described above (see [11]). Using Proposition 13 it is not hard to show
that P1, P0 are smooth manifolds with corners, that the structure maps are étale
(i.e., a local diffeomorphism), and that P represents the weak fibered product in
PEG, the category of proper étale groupoids in manifolds with corners.
It then follows from a result of Tommasini [16, Corollary 0.3] that
P = X ×f g Y,
the weak fiber product of f and g in Orb.
Claims (b) and (c) are straightforward, again using Proposition 13. 
Definition 27. A map F ∣R ∶ X → Y of orbifolds with corners is a closed immersion
if F0 is a closed immersion. In this case, the same holds for any map homotopic to
F ∣R.
A manifold with corners M specifies an orbifold M = M ⇉ M with only iden-
tity morphisms, and this extends to a 2-fully-faithful pseudofunctor Manc →Orb
(namely, it restricts to an equivalenceManc (X,Y ) ≃Orb (X,Y ) for any pair X,Y
of objects of Manc). We say an orbifold “is” a manifold with corners if it is in the
essential image of this functor.
Definition 28. Let X be an orbifold with corners. An atlas for X is a map
p ∶ M → X where M is some manifold with corners, such that for any other map
f ∶ N → X from a manifold with corners, M ×X N is a manifold with corners and
the projection M ×X N
p′
Ð→ N is étale and surjective (as a map of Manc).
The obvious map X0 → (X1 ⇉X0) is an atlas. Conversely, any atlas M →X defines an orbifold equivalent to X , whose objects are M and morphisms are
M ×X M .
Definition 29. A map f ∶ X → Y of orbifolds with corners is a closed (respectively,
open) embedding if for some (hence any) atlas p ∶M → Y, the 2-pullback M ×p f X
is a manifold with corners and the map M ×p f X → M is a closed (resp. open)
embedding of manifolds with corners.
If f ∶ X → Y is a closed embedding we may refer to X as a suborbifold of Y.
The notion of a sheaf on an orbifold X is the same as the notion of a sheaf on the
underlying topological orbifold, see Moerdijk and Pronk [11, 12] for a comprehensive
treatment. A vector bundle E on an orbifold with corners X = X1 s,t⇉ X0 is given
by (E0, φ) where E0 is a smooth vector bundle on X0 and
φ ∶ s∗E0 → t∗E0
is an isomorphism satisfying some obvious compatibility requirements with the
groupoid structure. The sections of (E0, φ) form a sheaf over X . An important
example of a vector bundle is the tangent bundle, TX = (TX0, dt ○ ds−1), whose
sections are vector fields on X . A local system on an orbifold X is a sheaf which
is locally isomorphic to the constant sheaf Z. We extend the conventions set forth
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in [18, §1.1, §6.1] to proper étale groupoids with corners in the obvious way4. In
particular, for every vector bundle E on X there’s a local system Or (E) on X . The
orientation local system of X is Or (TX). We have a local system isomorphism
(21) ι∂X ∶ Or (T∂X●)→ Or (TX●)
lying over i∂X● ∶ ∂X● ↪X●, defined by appending the outward normal to the bound-
ary at the beginning of the oriented base for T∂X●. Given a short exact sequence
of vector bundles
0→ E1
f
Ð→ E
q
Ð→ E2 → 0
on X , we obtain a local system isomorphism
(22) Or (E1)⊗Or (E2)→ Or (E) ,
which, using oriented bases to represent orientation, can be expressed by
[e11, ..., en11 ]⊗ [e12, ..., en22 ]↦ [f (e11) , ..., f (en11 ) , g (e12) , ..., g (en22 )]
where g ∶ E2 → E is any local section of q.
Maps of local systems are always assumed to be cartesian, so to specify a local
system map L1 FÐ→ L2 over X1 fÐ→ X2 is equivalent to giving an isomorphism L1 →
f−1L2.
Lemma 30. Let X be an orbifold with corners. We denote by X˚ ∶= S0 (X) the
orbifold (without boundary or corners) consisting of points of depth zero, and by
j ∶ X˚ ↪ X the inclusion.
(a) The pushforward and inverse image functors j∗, j
−1 form an adjoint equiva-
lence of groupoids between local systems on X˚ and local systems on X .
(b) Or (dj) ∶ Or (T X˚ )→ j−1Or (TX) is an isomorphism.
Let f ∶ X → Y be a b-normal map of orbifolds with corners.
(c) There exists a unique map f˚ ∶ X˚ → Y˚ with f ○ jX = jY ○ f˚ .
Let L be a local system on X and let L′ be a local system on Y, and denote byL˚ = j−1X L, L˚′ ∶= j−1Y L′ their restrictions to X˚ , Y˚ , respectively. Define a map taking
a map of sheaves F ∶ L → L′ over f to the map F˚ ∶ L˚ → L˚′ over f˚ given by the
composition
j−1X L j
−1
X FÐ→ j−1X f
−1L′ ≃ f˚−1j−1Y L′.
(d) F ↦ F˚ is a bijection
{maps F ∶ L → L′ over f} ≃ {maps F˚ ∶ L˚ → L˚′ over f˚} .
and together with L↦ L˚ forms a functor from the category of sheaves (respectively,
local systems) over orbifolds with corners with b-normal maps to the category of
sheaves (resp. local systems) over orbifolds without boundary.
Proof. Straightforward. 
Let X be an orbifold with corners and L a local system on X . We define the
complex of differential forms on X with values in L
Ω (X ;L) = Γ (C∞ (⋀TX)⊗Z L)
4Note there we had to work with C-valued local systems, but for the purposes of this paper
we can work with Z-valued local systems.
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as the global sections of the sheaf of sections of the vector bundle ⋀TX , twisted
by L.
Suppose X ,Y are compact orbifolds with corners, K,L are local systems on X
and on L, respectively, and f ∶ (X ,K) → (Y,L) is an oriented map, which means it
is a map of local systems K → L lying over a smooth map of orbifolds with cornersX → Y. We have a pullback operation
(23) Ω (Y;L) f∗Ð→ Ω (X ;K) .
If, in addition, we assume that f is horizontally submersive, then there’s a push-
forward operation
(24) Ω (X ;K ⊗Or (TX)∨) f∗Ð→ Ω (Y;L⊗Or (TY)∨) .
We now sketch how these operations are constructed. Define the complex of com-
pactly supported differential forms on X by
Ωc (X ;L) ∶= coker (t∗ − s∗ ∶ Ωc (X1; s∗L0)→ Ωc (X0;L0)) ,
where on the right hand side, Ωc denotes the usual complex of compactly supported
forms on a manifold with corners. In case f = (F0, F1) ∶ X → Y is a smooth functor,
F ∗0 induces a pullback map (23) and (if f is a horizontally submersive) (F0)∗ induces
a pushforward map of compactly supported forms,
(25) Ωc (X ;K ⊗Or (TX)∨) f∗Ð→ Ωc (Y;L⊗Or (TY)∨) .
In defining the operations F ∗0 and (F0)∗ (for forms on manifolds with corners) we
follow the orientation conventions in [18]. A partition of unity for X is a smooth
map ρ ∶ X0 → [0,1] such that supp (s∗ρ) ∩ t−1 (K) is compact for every compact
subset K ⊂X0 and t∗s∗ρ ≡ 1 (the fiber of t is discrete, hence canonically oriented).
Partitions of unity always exist; since X is assumed to be compact we can require
that ρ has compact support in X0, and use this to construct an isomorphism
(26) Ω (X ;L) ≃ Ωc (X ;L) ,
see Behrend [1]. The isomorphism (26) allows us to define (24) using (25). Now if
f = X R←Ð X ′ FÐ→ Y is a general oriented map, we define (23) by
f∗ = R∗F ∗,
pulling back along the smooth functor F and then pushing forward along the refine-
ment R (note R is horizontally submersive since it is étale; moreover, any refinement
defines an equivalence between the categories of local systems on X and on X ′, so
orientations for f are in natural bijection with orientations for F ). If f is oriented
and horizontally submersive we define the pushforward (24) by
f∗ = F∗R∗.
By construction, the operations (23, 24) extend the operations defined in [18] for
the case X ,Y are manifolds, and they satisfy the same relations.
To make the paper more readable, outside of this appendix we will sometimes
abuse notation and refer to maps which have a specified isomorphism as being
equal. For example, if G acts on X (see §3.4 below) we may write
g.h. = (gh) .
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even though in general the two sides differ by a (specified) 2-cell. The same goes
for orbifolds which are canonically equivalent (that is, with a given equivalence, or
with an equivalence which is specified up to a unique 2-cell). For example we may
write
(M1 ×M2) ×M3 =M1 × (M2 ×M3) .
When we write p ∈ X we mean p ∈X0, where X =X1 ⇉X0.
3.3. Hyperplane Blowup. In this subsection we explain how to blow up an orb-
ifold along a nice codimension one locus, to obtain an orbifold with corners. This is
an important step in the construction of the moduli spaces of discs from the moduli
spaces of curves (see §2.6 and the motivating discussion in the introduction). The
construction is carried out in two steps: first, we discuss the hyperplane blowup of
manifolds, and then we extend this to orbifolds.
3.3.1. Hyperplane blowup of manifolds.
Definition 31. (a) Let h ∶W →X be a proper closed immersion between manifolds
without boundary. Write h−1 (x) = {w1, ...,wr} (this is finite since h is proper), and
let N∨wi = ker(T ∨xX dh∣
∨
wiÐÐÐ→ T ∨wiW) denote the conormal bundle to h. We say h has
transversal self-intersection at x ∈X if the induced map
r
⊕
i=1
N∨wi → T
∨
xX
is injective. We say h has transversal self-intersection if it has transversal self
intersection at every x ∈X .
(b) Let h ∶ W → X be a proper closed immersion which has transversal self
intersection. Suppose further that h is codimension one, i.e. dimX − dimW = 1.
In this case we call E = Imh a hyper subset, and call h a hyper map. Note since the
conditions on h can be checked locally on the codomain X , being a hyper subset is
a local property. Moreover, it follows from Proposition 32 below that the map h is
essentially unique: if W
hÐ→X,W ′ h
′
Ð→X are two hyper maps with Imh = Imh′ then
there’s a unique diffeomorphism W
φ
Ð→W ′ such that h = h′ ○ φ.
(c) Let Y →X be a smooth map of manifolds without boundary, and let E ⊂X
be a hyper subset. We say f is multi-transverse to E if for some (hence any) hyper
map h such that E = Imh, f is transverse to h and the pullback f−1W
f−1h
ÐÐ→ Y has
transversal self intersection (so in fact, since f−1h is necessarily a codimension one
proper closed immersion, f−1E ⊂ Y is a hyper subset).
The following proposition explains the usefulness of these notions and prepares
the ground for the construction of the hyperplane blow up.
Proposition 32. Let h ∶W →X be a hyper map between manifolds without bound-
ary.
(a) For every x ∈ X with h−1 (x) = {w1, ...,wr} there exists an open neighbor-
hood x ∈ V ⊂ X such that h−1 (V ) = U1∐⋯∐Ur where wi ∈ Ui ⊂ W is an open
neighborhood for 1 ≤ i ≤ r, together with charts V
ϕ
Ð→ Rn and Ui ≃ Rn−1 so that h∣Ui
corresponds to the map Rn−1 → Rn given by
(t1, ..., tn−1)↦ (t1, ..., ti−1,0, ti, ..., tn−1) .
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We call the coordinate chart V
ϕ
Ð→ Rn an orthant chart for h at x.
(b) Suppose Y
f
Ð→ X is multi-transverse to Imh and let x ∈ X with ∣h−1 (x)∣ = r.
Then there exists an open neighborhood x ∈ V ⊂ X together with orthant charts
f−1 (V ) ϕÐ→ Rm and V ψÐ→ Rn for f−1h and h, respectively, so that ψ ○ f ○ ϕ−1 is
given by (t1, ..., tm) → (t1, ..., tr , φr+1 (t1, ..., tm) , ..., φn (t1, ..., tm))
for some smooth functions φr+1, ..., φn.
Proof. We prove part (a). Since h is a codimension one closed immersion for every
1 ≤ i ≤ r there exist open neighborhoods wi ∈ U ′′i ⊂ W and x ∈ Vi ⊂ X and a
submersion hi ∶ Vi → R such that the following square is cartesian
U ′′i
h∣U ′′
i //

Vi
vi

0 // R
Since h has transversal self-intersection, dv1, ..., dvr are linearly independent at x
and therefore, in a perhaps smaller open neighborhood x ∈ V ′ ⊂ ⋂ri=1 Vi they extend
to a coordinate chart (v1, ..., vr , vr+1, ..., vn) ∶ V ′ → Rn. Set U ′i = h−1 (V ′) ∩ U ′′i .
Uniqueness of the pullback implies that for 1 ≤ i ≤ r,
(v1 ○ h∣U ′
i
, ..., ̂vi ○ h∣U ′
i
, ..., vn ○ h∣U ′
i
) ∶ U ′i → Rn−1
is a coordinate chart for W and h∣U ′
i
obtains the desired form in these coordinate
systems. Since h is proper, there’s an open neighborhood x ∈ V ⊂ V ′ such that,
setting Ui = U ′i ∩D
−1 (V ) we have
h−1 (V ) = U1∐⋯∐Ur,
completing the proof of part (a).
The proof of part (b) is similar. 
Definition 33. (a) Let X be a manifold without boundary, let U ⊂X be an open
subset. Consider the set of germs of connected components,
I (X,U) = ⋃
x∈X
{x} × lim
x∈V ⊂X
πx0 (V ∩U)
where for V an open neighborhood of x ∈X , πx0 (V ∩U) denotes the set of connected
components C ⊂ V ∩U with x ∈ C in the closure. If V1 ⊂ V2 are two such neighbor-
hoods, there’s an induced map πx0 (V1 ∩U)→ πx0 (V2 ∩U), and limx∈V ⊂X πx0 (V ∩U)
denotes the inverse limit of this system of sets.
(b) If (X1, U1)→ (X2, U2) is a map of pairs there’s an induced map I (X1, U1)→
I (X2, U2)making I a functor; there’s an obvious natural transformation I (X,U)→
X .
(c) Let E ⊂X be a hyper subset. As a set, the blow up of X along E is given by
B (X,E) = I (X,X/E) .
The associated natural transformation is denoted B (X,E) β(X,E)ÐÐÐÐ→X , and if Y fÐ→X
is multi-transverse to E write
B (Y, f−1E) B(f)ÐÐÐ→ B (X,E)
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for the induced map.
Proposition 34. Let Man+ denote the category of marked manifolds, whose ob-
jects are pairs (X,E) where X is a manifold without boundary and E is a hyper
subset of X, and where an arrow (X1,E1)→ (X2,E2) is given by a map X1 fÐ→X2
which is multi-transverse to E2 and such that f
−1E2 = E1. Let Mancpsdenote the
category of manifolds with corners with perfectly simple maps. Then blowing up
gives a faithful functor
B ∶Man+ →Mancps
together with a natural transformation B (X,E) β(X,E)ÐÐÐÐ→X.
Moreover, if (X1,E1) , (X2,E2) are any two objects of Man+, any étale map
f ∶X1 →X2 is a morphism of Man+ and B (f) is also étale in this case.
The proof of this proposition appears below. The following definition and lemma
characterize the manifold with corners structure on the blow up. More precisely,
B (X,E) will be equipped with the unique manifold with corners structure on the
set B (X,E) making the map β(X,E) rectilinear :
Definition 35. Let C be a manifold with corners,M a manifold without boundary.
A map f ∶ C →M will be called rectilinear if the restriction of f to interior points
is an injective map C˚ →M , and for every c ∈ C there exist a non-negative integer k
and coordinate charts U
ϕ
Ð→ Rnk , c ∈ U,ϕ (c) = 0 and V ψÐ→ Rn, f (c) ∈ V,ψ (f (c)) = 0
such that f (U) ⊂ V and ψ○f ○ϕ−1 is the standard embedding of Rnk to Rn, restricted
to ϕ (U).
Lemma 36. (a) Let C be a set, M a manifold without boundary, and f ∶ C →M
a map of sets. A structure of a manifold with corners5 on C making f a rectilinear
map is unique if it exists.
(b) If there’s an open cover M = ⋃Vi such that f−1 (Vi) admits a manifold
with corners structure making f ∣f−1(Vi) rectilinear, then C admits a structure of a
manifold with corners making f rectilinear.
(c) For i = 1,2, let Ci be a manifold with corners, Mi a manifold without bound-
ary, and Ci
fiÐ→Mi a rectilinear map. Let M1
g
Ð→M2 be a smooth map. An interior
map C1
g˜
Ð→ C2 making the square
C1 //

C2

M1 // M2
commute is unique if it exists.
Proof. We prove (a). Suppose C1,C2 are two manifolds with corners with the
same underlying set C, making C
f
Ð→ M rectilinear. It suffices to show that the
identity map C1 → C2 is weakly smooth. Consider any c ∈ C. For i = 1,2 let
(c ∈ Ui ϕiÐ→ Rnki , f (c) ∈ Vi ψiÐ→ Rn) be a pair of coordinate charts satisfying the con-
ditions of Definition 35 with respect to the manifolds with corners structure Ci on C.
5That is, a Hausdorff second countable topology on C together with a suitable maximal atlas.
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U1 ∩U2 = f−1 (V1 ∩ V2) must be open in both topologies on C. ψ1 (V1 ∩ V2) ψ2ψ−11ÐÐÐ→
ψ2 (V1 ∩ V2) is a smooth map between open neighborhoods of 0 ∈ Rn, so its restric-
tion ϕ1 (U1 ∩U2) → ϕ2 (U1 ∩U2) is weakly smooth map.
We prove (b). For each pair of indices f−1 (Vi ∩ Vj) is an open subset of both
f−1 (Vi) and of f−1 (Vj) (since Vi∩Vj is an open subset of Vi and of Vj) and inherits
a manifold with corners structure from both. By part (a), these structure must be
equal. In particular the maps f−1 (Vi ∩ Vj)→ f−1 (Vi) are continuous (in fact, open
topological embeddings) and we can equip C with the colimit topology, which is
clearly second countable. It remains only to check that this topology is Hausdorff:
consider two distinct points x, y ∈ C. If f (x) ≠ f (y) there are open neighborhoods
Ux, Uy ⊂M of x and y respectively with Ux ∩Uy = ∅, and we may assume without
loss of generality that Ux, Uy are contained in some Vi, Vj so that their inverse
images are open. If f (x) = f (y) ∈ Vi then we can use the assumption that f−1 (Vi)
is Hausdorff to separate x from y.
We prove (c). We can consider the interior points C˚i as subsets of Mi. If g˜ is an
interior map then g˜ (C˚1) ⊂ C˚2 so the restriction of g˜ to interior points is determined
by g, g˜∣C˚1 = g∣C˚1 . Since the interior points are dense in C1, a continuous extension
of g∣C˚1 to C1 is unique if it exists. 
Proof (of Proposition 34). Let h0 ∶ [k]×Rn−1 → Rn denote the standard immersion
of the first k coordinate hyperplanes, and write E0 = Imh0. It is a hyper map
and there’s an obvious identification B (Rn,E0) = 2k × Rnk (a choice of germ of
connected component of Rn/E0 amounts to choosing a point of Rn together with
an incident orthant). Clearly, the manifold with corners structure on 2k×Rnk makes
the map B (Rn,E0) → Rn rectilinear. Now suppose (X,E) is an object of Man+,
and let W
hÐ→X be a hyper map with E = Imh. We can cover X by orthant charts,
X = ⋃Vi with Vi
ψiÐ→ Rn as in Proposition 32 so B (Vi,E ∩ Vi) ⊂ B (X,E) inherits
the structure of a manifold with corners from B (Vi,E) ⊂ B (Rn,E0) = 2k × Rnk
making the map B (Vi,E) → Vi rectilinear. It follows that B (X,E) admits a
unique manifold with corners structure making the map to X rectilinear, and this
defines the action of the functor B on objects. Its action on multi-transverse arrows
is defined similarly, using part (b) of Proposition 32 and the uniqueness of lifts, part
(c) of Lemma 36. This uniqueness also implies that the functor is faithful.
Clearly, a local diffeomorphism is multi-transverse to any (X,E) and its lift
admits local inverses, proving the last statement. 
3.3.2. Hyperplane blowup of orbifolds. We consider the bicategoryPEG+∂=∅ ofmarked
proper étale groupoids (without boundary). The objects of PEG+∂=∅ are pairs(X1 ⇉X0,E) where X1 ⇉ X0 is a proper étale groupoid without boundary, and
E ⊂X0 is a hyper subset which is a union of orbits, s−1E = t−1E.
If (X(1)● ,E(1)) ,(X(2)● ,E(2)) are two objects, a 1-cell of PEG+∂=∅ consists of a
smooth functor
X(1)●
F=(F0,F1)ÐÐÐÐÐÐ→X(2)●
such that F0 is multi-transverse to E
(2) and E(1) = F −10 E
(2). Note that every étale
map, and in particular every refinement, satisfies this condition. The 2-cells in
PEG
+
∂=∅ are all the 2-cells of PEG spanned by the 1-cells specified above.
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For emphasis, in this subsection we denote the bicategory of proper étale groupoids
and orbifolds in the category Manc by PEGc and Orbc, respectively. We denote
by PEGcps,Orb
c
ps the subcategories whose maps are perfectly simple maps.
If X1 ⇉X0 is a groupoid, we write
X2 =X1 ×t s X1
for the manifold with corners parameterizing composable arrows
x1
aÐ→ x2
bÐ→ x3
and, for i = 1,2,3, we denote by pi ∶X2 →X0 the map sending a composable arrow
as above to xi.
Theorem 37. The functor B extends to a strict 2-functor
B ∶ PEG+∂=∅ →PEG
c
ps
which takes
⎛
⎝X =X2
mÐ→
i
↶
X1
s,t
⇉
←
e
X0,E
⎞
⎠
to
B (X) = B (X2, p−11 E) B(m)→ B
B(i)
↶(X1, s−1E)
B(s),B(t)
⇉
←
B(e)
B (X0,E)
together with the obvious strict natural transformation B (X) β(X ,E)ÐÐÐÐ→ X .
This functor takes refinements to refinements, and thus there’s an induced func-
tor between the 2-localization of these categories
B ∶Orb+∂=∅ →Orb
c
ps.
Proof. The verification that B (X) is a groupoid with étale structure maps is
straightforward. We write B0 = B (X0,E), B1 = B (X1, s−1E), B2 = B (X2, p−11 E)
and, for i = 0,1,2, Bi
βiÐ→ Xi for the associated map. We need to check that
B (s) × B (t) ∶ B1 → B0 × B0 is proper. Note β1 is proper, since it is closed (as
any continuous map from a locally compact space to a Hausdorff space is closed)
and the fiber over a point is compact (in fact, finite). It follows that (s × t) ○ β1 is
proper and so, if K ⊂ B0 ×B0 is any compact subset,
(B (s) ×B (t))−1 (K) ⊂ ((s × t) ○ β1)−1 ((β0 × β0) (K))
is the inclusion of a closed subset into a compact subset; therefore (B (s) ×B (t))−1 (K)
must be compact.
The other statements are also straightforward. 
3.3.3. A hyper map between orbifolds. There’s a natural way to construct objects
and arrows in Orb+∂=∅. Let h ∶ W → X be a map of orbifolds without boundary,
given by a pair of smooth functors
(27) W S←Ð (W˜ = W˜1 ⇉ W˜0) H=(H1,H0)ÐÐÐÐÐÐ→ (X =X1 ⇉X0)
with S a refinement.
Let W ′0 = X1 ×t H0 W˜0 . Since t is étale this fiber product exists. We let H
′
0 ∶
W ′0 →X0 denote the composition X1 ×t H0 W˜0 →X1
sÐ→X0. We call the image of H ′0
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the essential image of h, and denote it Imh. Fix some point x ∈X0. The essential
fiber of h over x is a topological groupoid, with object space (H ′0)−1 (x) and with
arrows between (x αÐ→H0 (w) ,w) and (x α′Ð→H0 (w′) ,w′) consisting of the arrows
in W˜1 between w and w
′ (this is a special case of the weak fiber product, see Lemma
26). If R is a refinement, the essential fiber of h over x and of R ○h over R (x) are
equivalent. The essential image and, up to equivalence the essential fiber, depend
only on the homotopy class of H (in particular, they do not depend on S).
Definition 38. We say that h is hyper if the following five conditions are met (cf.
Definition 31)
● h is faithful, which means H0 is faithful. This implies the essential fiber
over every point is equivalent to a set (with a topology).
● h is a closed immersion, which means H0 is a closed immersion. This
implies the orbit space of each essential fiber has the discrete topology.
● h is proper, which means the essential fibers have compact orbit spaces.
Given our previous assumptions this means the essential fiber is equivalent
to a finite set, and and we fix representatives {qi = x α1Ð→H0 (w1)}r
i=1
.
● We require that h has transversal self-intersection, that is, we require the
map
r
⊕
i=1
N∨wi → T
∨
xX0
be injective, where N∨wi = ker(T ∨wiW0 → T ∨xX0); this is independent of the
choice of representatives.
● h has codimension one, meaning dimX − dimW = 1.
If Y is another orbifold without boundary, we say a map Y fÐ→ X is multi-transverse
to h if h is (b-)transverse to f and the 2-pullback f−1h has transversal self-intersection
(it is automatically a proper, faithful closed immersion).
Lemma 39. (a) Let W hÐ→ X be a hyper map. Then (X , Imh) is an object of
Orb
+
∂=∅.
(b) If f is multi-transverse to h, (Y, Im f−1h) fÐ→ (X , Imh) is an arrow in
Orb
+
∂=∅.
Proof. Straightforward. 
3.4. Group actions. LetG be a compact lie group, with multiplicationm ∶ G ×G→ G
and identity e ∶ pt→ G. Given a bicategory of spaces C such as6Manc,Orb,Orb+∂=∅,
we construct a category G−C of G-equivariant objects following Romagny [14]. We
briefly explain how to translate his definitions to our setup, and refer the reader to
[14] for more details. A 0-cell of G−C is given by a 4-tuple (X , µ,α, a) where X is a
0-cell of C, µ ∶ G ×X → X is a 1-cell, and α and a are 2-cells filling in, respectively,
6More precisely, we need to be able to consider G as a group object in C and certain products
to exist. For C =Orb+
∂=∅ we consider G as having the trivial marking ∅, and we have
(X ,E) × (Y , F ) = (X × Y ,E × Y∐X × F ) .
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the following square and triangle:
G ×G ×X m×idX //
idG ×µ

G ×X
µ

G ×X
µ
// X
G ×X µ // X
X
idX
;;①①①①①①①①①
e×idX
OO .
A 1-cell (or G-equivariant map)
(X , µ,α, a) → (X ′, µ′, α′, a′)
is given by a pair (X fÐ→ X ′, σ) where σ is a 2-cell filling in the square
G ×X µ //
idG ×f

X
f

G ×X ′
µ′
// X ′
.
A 2-cell (f, σ)⇒ (f ′, σ′) is given by a 2-cell f βÔ⇒ f ′. As usual, the 2-cells α,a, σ, β
are required to satisfy some coherence conditions, cf. [14, Definition 2.1].
3.4.1. The fixed-points of a hyperplane blowup. There’s an obvious pair of pseudo-
functors ι ∶ C → G−C and f ∶ G−C → C; ι equips every 0-cell with the trivial G-action
and every 1-cell with the trivial G-equivariant structure, f forgets the extra struc-
ture. Let X be a 0-cell of G − C. Consider the pseudofunctor XG! ∶ Cop → Cat
XG! (−) =HomG−C (ι (−) ,X) ,
together with the obvious pseudonatural transformation XG! → HomC (−, f (X)).XG! may or may not be represented by an object of C; If it is, we denote the
representing object by XG and say “the fixed-point locus XG exists (as an object
of C)” (cf. [14, Definition 2.3]). Here are a few examples.
● C is the category of stacks: the fixed-point locus always exist, see [14,
Proposition 2.5] (though for a general stack, this may be quite ill-behaved).
● C = Orb: it follows from the slice theorem that the fixed point locus XG
of any G-orbifold without boundary X exists, and the map XG → X is a
closed embedding.
● C =Manc (considered as a bicategory with only identity 2-cells), G = T a
torus group: we do not know whether the fixed-point set exists in general.
The last example motivates restricting our attention to manifolds (and orbifolds)
with corners which are obtained as a hyperplane blowup. We will see that if X̃ is
obtained as a hyperplane blowup of X at an invariant hyper subset, then the fixed-
points of X̃ exist and the map X̃G → X̃ is a closed embedding. The remainder of
this subsection is devoted to formulating and proving this result.
Any pseudofunctor C1 → C2, where Ci is a bicategory of spaces as above for
i = 1,2, induces a functor between the corresponding G-categories. In particular,
the blow up B ∶Orb+ →Orbcps induces a functor
G −Orb+
BÐ→ G −Orbcps.
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Proposition 40. Let G = U (1)m be a torus group, and let X̃ = B (X ,E) denote
the blowup of an object of G-Orb+ (we’re supressing the G-action data from the
notation). Let i ∶ XG → X be the closed embedding of the fixed-points of X . Then
(a) the fixed points (X̃ )G exist as an object of Orbc, and the map (X̃ )G i˜Ð→ X̃ is
a closed embedding.
(b) i is multi-transverse to h and there’s a natural isomorphism
(X̃ )G ≃ (XG)∼ =∶ B (XG, Im i−1h) , and
(c) there’s a 2-cell making the following square cartesian
(XG)∼ = (X̃ )G //

X̃
XG // X
where the horizontal maps are the structure maps of the fixed points and the vertical
maps are the maps associated with the hyperplane blowup.
Proof. We describe the argument when X̃ = B (X,E) is the blowup of a marked
manifold with corners, and leave the general case to the reader. Note that the
statement is local, so we fix some p ∈ XG and work throughout with germs of
functions around p and its images (i.e., we will not specify the open subsets on
which each map is defined). Using Proposition 32 we reduce to the following setup.
Let
W = [k] ×Rn−1 hÐ→X = Rn
denote the standard hyper map, so for 1 ≤ i ≤ k, {i} ×Rn−1 hiÐ→ Rn is the map
(28) (t1, ..., tn−1) ↦ (t1, ..., ti−1,0, ti, ..., tn−1) .
we assume that G = T acts compatibly on the domain and range of h; since G is
connected this means each hi is G-equivariant. We take p to be the origin 0 ∈ Rn,
and write {qi = {i} × 0}ki=1 for its preimages under h.
Although a-priori, the action in these coordinates is not linear, it does preserve
the zeros of the first k components, and thus also their signs. More precisely, if we
define the signature σ (x) ∈ {−,0,+}k of a point (x1, ..., xn) ∈ Rn by recording the
sign of the first k coordinates, then σ (g.x) = σ (x) for all g, x. We define a new
orthant chart (x′1 (q) , ..., x′n (q)) (in a perhaps smaller neighborhood of the origin)
by
x′i (q) =
⎧⎪⎪⎨⎪⎪⎩
∫g∈G xi (g.q) dH (g) 1 ≤ i ≤ k
xi (q) k + 1 ≤ i ≤ n
where dH denotes the Haar measure on G. Clearly, x′i are G-invariant and x
′
i ○hi ≡
0 for 1 ≤ i ≤ k; the key point is that, since G admits no non-trivial rank one
representations, the lines ker(T ∗pX → T ∗qiW ) are fixed, and thus dx′i∣0 = dxi∣0 for
1 ≤ i ≤ n; in particular (dx′i∣0)ni=1 form a basis for T ∗pX .
We can choose a basis v∗1 , ..., v
∗
n to T
∗
pX so that v
∗
i = dx
′
i∣0 for 1 ≤ i ≤ k and
v∗k+1, ..., v
∗
s , v
∗
s+1 +
√
−1v∗s+2, ..., v
∗
n−1 +
√
−1v∗n
are common eigenvectors for the infinitesimal generators ξ1, ..., ξm ∈ End (T ∗pX)
of the linearized action. Fix a G-invariant metric R, let v1, ..., vn be a basis for
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TpX dual to v
∗
1 , ..., v
∗
n, and consider exponential coordinates (y1, ..., yn) for X = Rn
around p = 0 so that (y1, ..., yn) ↦ expR (∑yivi) .
Now consider the coordinates
(x′1, ..., x′k, yk+1, ..., yn) .
These define an orthant chart. Moreover, in these coordinates the action is the
linear action on
R
n = Rs ⊕
r
⊕
i=1
Cλi
fixing Rs, s ≥ k and acting on Cλi by a character λi ∶ T→ U (1).
Working with such orthant charts, the verification of properties (a)-(c) is straight-
forward. 
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